Abstract. In this paper, a multi-grid solver for the discretisation of partial differential equations on complicated domains will be developed. The algorithm requires as input only the given discretisation instead of a hierarchy of discretisations on coarser grids. Such auxiliary grids and discretisations will be generated in a black-box fashion and will be employed to define purely algebraic intergrid transfer operators. The geometric interpretation of the algorithm allows one to use the framework of geometric multigrid methods to prove its convergence. The focus of this paper is on the formulation of the algorithm and the demonstration of its efficiency by numerical experiments while the analysis is carried out for some model problems.
Introduction
In many practical engineering applications, the physical objects under consideration have extremely complicated shape containing a huge number of geometric details on different length scales. In our paper, we shall deal with the numerical solution of elliptic partial differential equations on such domains via the finite element method. Since practically all finite element spaces are defined on a finite element partitioning of the physical domain, the complicated shape of the geometry implies that the minimal number of elements in such meshes is necessarily very large. To be more concrete, we focus on applications where the minimal finite element meshes and corresponding (low-order) finite element discretisations of the underlying partial differential equation "nearly" fills the memory of the given computer resources.
In our paper, we will present a simple multi-grid algorithm for the efficient solution of the arising large systems of linear equations. This multi-grid algorithm contains features from both geometric multi-grid (cf. [19] ) and algebraic multilevel methods (cf. [23] ). On one hand, the algorithm fits in the framework of geometric multi-grid algorithm being based on (composite) finite element discretisation (cf. [20] ) while, on the other hand, the underlying grids may not resolve the geometry and have purely auxiliary character. Our new geometric/algebraic multi-grid algorithm requires as input
• the domain Ω and the corresponding elliptic boundary value problem, • the algebraic system of linear equations arising from a finite element discretisation, • the link between geometry and discretisation, i. e., the geometric locations of the degrees of freedom.
The paper is organised as follows. In Sect. 2, we will introduce an appropriate model problem for the formulation of the multi-grid algorithm which will be presented in Sect. 3 along with some details on its efficient realisation.
Section 4 is devoted to the convergence analysis of the method. This multi-grid algorithm fits in the framework of geometric multi-grid methods (cf. [19] ) and the convergence proof is based on that theory. However, two assumptions which are frequently used in [19] are violated, since,
• the composite finite element spaces are defined on grids which overlap the domain but do not necessarily resolve it. The possibly small intersection of a mesh cell with the domain leads to a non-standard scaling in the corresponding stiffness matrix entry and the convergence analysis has to be extended to cover such situations.
• The prolongation operators in the multi-grid algorithm are based on interpolation on non-nested grids. As a consequence the proof of the stability of the iterated prolongation is non-trivial.
Section 5 is concerned with numerical experiments. We have performed systematic parameter studies to verify that the convergence of the multi-grid algorithm is by no means restricted to the simplified model problems analysed in Sect. 4 but carries over to much more general situations. We will apply the multi-grid algorithm to elliptic boundary value problems on practical domains, namely, the Wolfgangsee (Austria) and the "Kieler Förde" (Germany).
The development of multi-grid/-level methods for partial differential equations on complicated domains is a topic of vivid research. Various different approaches exist in the , algebraic multi-level methods (cf. [7, 15, 17, 18, 22, 23, 26, 29] ), coarsening via geometric agglomeration ([3, 4, 8-10, 21] ), and coarsening by auxiliary/fictitious space methods (see [16, 28] ). We omit a detailed comparison of the different approaches mentioned above and refer instead to [6] . Due to our knowledge, our approach is the first in the framework of geometric multi-grid methods which can be applied conceptually to any given grid and corresponding discretisation. The convergence is analysed in Sect. 4 for some model problems and we refer to [14] for further details.
Model problem
We will present a multi-grid solver for systems of linear equations arising by discretising elliptic boundary value problems on complicated domains. We restrict to problems with smooth coefficients so that a Poisson-type problem on a complicated domain is an adequate model problem. We assume that the discretisation, i.e., the finite element mesh and the system of equations is given without having a hierarchy of coarse scale discretisations at hand.
Let Ω ⊂ R 2 denote a polygonal Lipschitz domain with possibly many geometric details as, e.g., many small holes or complicated boundary. V := H 1 (Ω) denotes the usual Sobolev space while V is the dual space. Consider the boundary value problem of seeking, for given F ∈ V , the function u ∈ V such that
where the bilinear form a :
The finite element discretisation is based on a conforming triangulation G = {τ 1 , τ 2 , . . . τ N } in the sense of Ciarlet (cf. [11] ). Let S denote the space of continuous, piecewise linear finite elements
where P 1 contains all polynomials of maximal total degree 1. The finite element discretisation is given by seeking u S ∈ S with
The set of vertices of triangles in G is denoted by Θ and, for x ∈ Θ, the corresponding local nodal basis by ϕ x . The link between a finite element function and its coefficient vector is given via the prolongation
The coefficient vector of the Galerkin solution u S is the solution of the system of linear equations
with
Since, for low order discretisations, the linear system (3) typically is very large and sparse, the solution process is a nontrivial task. Multi-grid methods have optimal complexity for solving (3) in the sense that the number of operations only grows linearly with the number of unknowns provided a sequence of appropriate coarse scale discretisations is available.
However, for problems on complicated domains where only a fine scale discretisation is given it is not obvious how to construct a sequence of coarse scale discretisations. The scope of this paper is to develop a multi-grid algorithm for this type of problem where the convergence behaviour is independent of the number and sizes of the geometric details.
Multigrid algorithm
A multi-grid algorithm is based on a multi-scale discretisation of the boundary value problem. It is a combination of an iterative solver (called smoother) on each discretisation level and a recursive coarse grid correction. Formally, we introduce a parameter ∈ N with 0 ≤ ≤ L describing the discretisation level. We start with the given fine grid equations (3) and rename them as
where the number of levels L is not known a-priori. Analogously, we rename the finite element space S as S L and its basis as ϕ L,x .
Abstract multigrid algorithm
Let ϕ ,x denote the standard continuous, piecewise linear Lagrange basis on G . For any grid function u ∈ R Θ , we associate a finite element function on the overlapping domain Ω by From Θ +1 ⊂ Ω we conclude that the function P [u] can be evaluated at the grid points Θ +1 of the finer mesh. In this light, the inter-grid prolongation p +1, : R Θ → R Θ +1 is defined by p +1, [u] for all x ∈ Θ +1 and y ∈ Θ . The restriction is the transposed of p +1, , i.e., r , +1 ∈ R Θ ×Θ +1 : r , +1 (x, y) = p +1, (y, x) .
